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> ■ abstract 

^. 

CO . In this work cosmological models are considered for the low energy string cos- 

^D ■ mological effective action (tree level) in the absence of dilaton potential. A two 

Cn ' parametric non-diagonal family of analytic solutions is found. The curvature is non 

^D I singular, however the string coupling diverges exponentially. 
G^ 

a\ 

"o ! 1 Introduction 

' ' The following facts provide the motivation to study inhomogeneous cosmological 

w\| models: i)the observable universe is not exactly spatially homogeneous, ii) there is 

no evidence that the expansion of the universe was regular at very early times. Fur- 
ther motivation comes from the desire to avoid postulating special initial conditions. 
Inhomogeneous cosmological model could also be relevant in the study of galaxies 
and primordial black holes formation. In recent times several very interesting exact 
inhomogeneous cosmological models with perfect fluids and barotropic equation of 
state have been found. The solutions of Wainwright and Goode |jl|, Feinstein and 
Scnovilla |g]. Van der Bergh and Skea [^have singularities. Two more recent so- 
lutions the one by Senovilla H| and the other by Mars M are remarkable because 
they do not have big-bang singularity and no other curvafure singularity is present. 
In 1990, Senovilla H found a new perfect-fluid diagonal inhomogeneous cos- 
mological solution without big-bang singularity and without any other curvature 
singularity. The matter contents of that solution was radiation. This solution 
was shown to be geodetically complete and satisfying causality conditions such as 
global hyperbolicity p|. The singularity- free solution was generalized in a paper 
Wj to the case of G2 diagonal cosmologies and all the different singular behaviors 
were possible. In a recent paper M a new perfect-fluid cosmological solution of Ein- 
stein's equations without big-bang singularity or any other curvature singularities 
was found. Neither the energy-momentum tensor nor the Weyl tensor were singular. 
The equation of state corresponds to a stiff fluid p = p, with positive density and 
non-vanishing everywhere and satisfying global hyperbolicity. This solutionis non- 
diagonal and it belongs to the class B(i) of Wainwright for G2 cosmologies [g|. This 
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solution was obtained previously by Letelier p|, without noticing the non-singular 
character of it. For some interesting properties of G2 geometries see Ref. llQ]. 

At earlier times the fluid model for the matter in the universe might noTDe ap- 
plicable, therefore classical or quantum fields should be considered for the material 
content of the models. In particular, it is important to consider the cosmological 
models of the unifying theories. The purpose of this work is to study inhomo- 
geneous cosmological models in string cosmology. Recently, several authors have 
considered the case of inhomogeneous cosmological models in the low-energy string 
cosmological effective action with ||ll|, |l2, ^ Q |l^and without [|6| the presence 
of the antisymmetric tensor field. In these studies the simplification of diagonal 
inhomogeneous metrics were considered, in the present work we consider the non 
diagonal case. The question of the non-singular models in string cosmology has 
been considered by several authors I]!!], O, |lq, |l^, |l8, 19|. The first nonsingular in- 



homogeneous string solution with bounded ailatoii( in contrast with the solutions 
obtained in this paper, that have unbounded dilaton evolution) was obtained by 
Gasperini, Maharana and Veneziano |]ll| Q; they used 0{d,d) transformations to 
"boost away " the singularities. 

2 Field equations in the string frame 

In this paper we consider inhomogeneous cosmological models in the low-energy 
effective action of string theory, in which no higher order correction is taken into 
account. This theory is obtained assuming that only the metric and the dilaton 
field contribute to the background. The effective action in the string frame is |pO|: 



R 



(1) 



where A^ is the string scale. As mentioned above, we are neglecting any dilaton 
potential as well as the antisymmetric tensor 5^,^; we are also considering the case 
of critical superstring theory in which the cosmological constant vanishes and six 
internal dimensions are frozen. The gravitational field equation and the equation 
of motion from the above action are: 

i?a6 = -0;a;b , □0 = 0'>;a. (2) 

For the geometry of the cosmological model we consider the metric with lo- 
cal spherical symmetry, assuming that the metric coefficients can be factored as 
products of functions of t and r in the following way, 

ds^ = ai{t) bi{r)(-dt^ + dr^) + a2{t) h2{r)dip^ + a3{t)[dz + b:i{r)diff . (3) 

This metric possesses a two-dimensional Abelian group of isometrics acting on space 
like surfaces, but with neither of the Killing vectors being hypersurface-orthogonal, 
i.e., the metric is non-diagonal and it belongs to the class B(i) of Wainwright for 
Go cosmologies B. The diagonal case has been considered recently by Giovannini 
The field equations for this particular form of the metric are: 

2^ _ 2^ - ^i^ - ^i^ -I- 2^i^ + 2^ - ^ + 2^ - ^ - 2^ -I- 2^ 



ai a\ aia2 aia^ ai 02 a^ 03 a^ bi b\ 

M + 2^ 
6162 61 
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^_2^1^ + ^-^ + Mi_2^ + 4/5' = 0, (5) 

aib2 fli 0261 a2&2 03^1 bi 

2— - 2— + — i-^ + — i-^ - 2—!^^ - 2— + 2^ + ^-^ - 2 ^ 
ai ai aia2 aifls ai ^i fcj 61^2 ^1 

-2? + T^-2^+V7 = 0, (6) 

O2 O2 0202 

a2 a| a^l'^a/aa + ^3/^2) a2 a2^2 
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0203 ^03 d? ^0-3 fq b'-ib'o „6o' ^60 03 ^b'-,q' f „ ,„, 

^-i + 2— 1 _ 2-i^ + tM- - 2-^ + 2-2--i + 2-2p^ = 0, (8) 

0203 03 05 03 6263 63 O262 63 

^ + 2^-4-2^ + 2^ = 0, (9) 

0203 03 03 03 0262 

M + M_ ^ + 2/ -2/^-2^ + 2^ = 0. (10) 

02/ 03/ 623 / / g g 

Where I have assumed that (p = f{t)g{i^)- 

3 Exact solutions 

I have found the following exact solution to the above field equations, 



ds = e 



ht 



sh{2pt) [-dt^ + dr'^) + r^ cosh(2pt)d^2 + 



(ydz + pr'^dipj 



cosh{2pt) 
<j> = ht, (11) 

where h,s and p are constants satisfying the relation h^ = 4(s — p^). The range 
of variation of the coordinates is —00 < t, z < 00, < r < 00, < 1^9 < 2tt. This 
spacetime has a well-defined axis of symmetry at r = where the assumption of 
Lorentzian geometry is fulfilled ("elementary flatness ")||21|, and therefore the co- 
ordinate r can to be interpreted as a radial cylindrical coorainate. Even though the 
metric is inhomogeneous, the dilaton field is homogeneous. This situation remind 
us of the converse situation in Brans-Dicke theory where for the homogeneous and 
isotropic case (Friedman Robertson Walker metric), it is possible to find solutions 
with the scalar field being inhomogeneous |M . Also for the case with static spher- 
ical symmetry it is possible to have a solution where the scalar field is not static 
[^(set J = 1 in the solution of Ref. fl^to see the point). 

We notice here that this metric is conformally related to the non-singular one 
obtained by Mars [g| in general relativity for a stiff fiuid. 



4 Curvature invariants 

Since the conformal factor ( e'**) and its derivatives are well behaved, then no 
curvature singularity appears in the solution of the present work. Here we compute 
curvature invariants and observe the absence of singularity in them, 

/i = i?2 = ^-2ht-^^±^r- ^i sech(2pi)2 (12) 

h = RabR'"" = -T^ h\edi\2pt) [8 {h" - 4p2) _ [h^ + 4p2)V2 + 

16 

{8(/i2 + V) - (h^ + V)V2}cosh(4pt) + 16/ipsinh(4pt)] (13) 



RabcdR"''''' = ^^ sech6(2pt) [24(/^4 _ 8/i2p2 + 280^^)+ 

(320p6 + 112/l2p4 _ 4/j4p2 _ 3^6y2 _^ 

{iKJi^ - 4/iV - 168/) - 4(/i6 + 4/iV - 16/iV - 64p6)r2}cosh(4pt) 

{8(/i^ + 8/iV + 24/) - (/i^ + 4/)V2}cosh(8pt) 

+32/i^psinh(4pt) + 16/i^psinh(8pi)] (14) 



U = -R"a == ^ ^^ /i2sech''(2pi) [-4 (/i^ - 8/) + (/i^ + 4/)^^+ 

' 8 

{-4(/i2 + 8/) + (/i^ + 4/)V2}cosh(4pt) - 8/ipsinh(4pi)] (15) 

5 Petrov classification 

Because the solution given here is conformally related to that of Ref. jsl , both have 
the same Petrov type, namely, of type I except at r=0, where they are of type D 
in accordance with the theorems of Ref. Cn] for spaces with symmetry 6*2. The 
Petrov type can be seen from the non vanishing components of the Weyl tensor in 
the obvious null tetrad for the solution, 

2g(p+sV2)r=^ 

*o = 5 [(a/2 + 1) cosh (2pt) + aprcosh(2pi) sinh(2pi) 

cosh (2pt) 

- 3 - i{aw cosh(2pt) + 3 sinh(2pi)}] , (16) 



2 (p+sV2)r-" 

*2 = 5 r(a/6 + l/3)cosh2(2j5t) - 1 - isinh(2pt)l , (17) 

cosh (2pi) 

2 (p+s^/2)r^ 

1'4 == ^-^ — ^ [(a/2 + l)cosh^(2pt) -arpcosh(2pi)sinh(2pi) 

cosh (2pi) 

-3 - i{-aprcosh(2pi) + 3sinh(2pi)}] , (18) 

where a = (2p + s'^)/2p^. 
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6 Energy momentum tensor 

We also want to look at the energy momentum tensor of the dilaton field. From 
the field equations we can see that the effective energy momentum tensor is 



1 









^afc = -^Wb + 2 


i>gab- 




For the 


present solution 


we 


have 








Ttt 


= 


h[h + ptanh{2pt)], 
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„sr2 1,3 /r, ,\ ' 
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(19) 

(20) 
(21) 
(22) 

(23) 
(24) 



_ -hpsmh{2pt) 
"' ~ e-^cosh^(2pt)- ^ ^ 

We can see now that the energy momentum tensor is well behaved without any 
singularity. 

If we choose a velocity vector that is proportional to 0;^ we can calculate the 
kinematic quantities as acceleration, rotation and expansion. This last one is 

^ „ 3/icosh(2pi) + 2psinh(2pt) 

u ^ V.,, ^ T, 

■'^ g^iiJ^COsh3/2(2pt) 

We notice that the expansion has a maximum around i = and is negligible for 
earlier or later times, more precisely. 
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This means that only for a short time this solution has an inflationary period. 

Finally we give the solution in the conformally related Einstein frame (E-frame) 
defined by the new metric gf'^ given by g^^ = e^'^g^^^ the solution is 

ds^ = e"'"' cosh(2pt) (-df + dr^) + r^ cosh{2pt)dip^ + ( ^+P^ "P) ^ 
^ ' cosh(2pi) 

</> = ht, (27) 

This is the solution of Ref. H for general relativity with a stiff fluid. 
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